We investigate variants of the maximal operator and show their applications to study boundedness of the classical Hardy-Littlewood maximal operator between weighted Banach function spaces which satisfy certain geometrical lattice conditions. We prove inequalities for rearrangement of the maximal operators generated by rearrangement invariant spaces. Being applied to the Lorentz spaces, we yield new sufficient conditions for the boundedness of the Hardy-Littlewood maximal operator between weighted L p -spaces with different weights. We also prove that under some mild hypothesis these conditions are also necessary.
Introduction
Maximal functions have proved to be tools of great importance in analysis and in particular in harmonic analysis. The main example is the Hardy-Littlewood maximal function which is defined for locally integrable functions f ∈ L 1 loc (R n ) by
where the supremum is taken over all the cubes Q containing x. Their study not only contains intrinsic interest but also intertwines with the study of singular integral operators and very particularly in the context of weighted norm inequalities (see [7, 10, 8] ). As an example of the central role played by M we mention the celebrated extrapolation theorem of Rubio de Francia. Indeed, the proof of this theorem is based on appropriate boundedness properties of the Hardy-Littlewood maximal function on weighted L p spaces. We refer to [5] for an overview of the theory and to [9] for a recent improvement of the extrapolation theorem. Therefore the study of weighted estimates with one or two weights for maximal functions will yield a better understanding for the corresponding situation for singular integral operators. The starting point of the modern theory of weighted norm inequalities goes back to the paper of Muckenhoupt [15] . In that paper the inequality
with w = v was characterized in terms of the surprisingly simple geometric condition:
usually denoted by A p although the normalization we will be using in this paper on the weights differs from the usual one in Harmonic Analysis. The study of the case when the weights are different is of interest for many reasons and there is a revival of the area mainly because of its relationship with the theory of singular integrals. Sawyer obtained in [22] a characterization by means of the following S p condition: there is a positive constant c such that for all cubes Q we have
We note that in general Sawyer's S p condition is not so easy to verify in practice and specially if we compare it with the two weight A p condition (2) which is necessary and sufficient for the weak type boundedness, namely
as it is well known [7] . However, simple examples show (cf. [7, p. 395] ) that this condition it is not sufficient for the two weight problem (1), namely we have the strict inclusion S p ⊂ A p . It is therefore natural to try to understand the "gap" between the two conditions. In particular it would be interesting to obtain sufficient conditions "close" in form to A p due to its simplicity. The first author who studied this problem was Neugebauer in [16] where he proved that if (w, v) is a couple of weights such that for some r > 1,
where the supremum is taken over all cubes Q, then (1) holds. This condition is often called "power bump" condition. The method in [16] is interesting because it shows that (4) is equivalent to "inserting" an A p weight between the given weights w and v. However, it is not sharp enough to obtain better conditions. The two weight problem was further considered by the second author in [17] where a different approach was used allowing to generate larger classes of couples of weights (w, v) for which (1) holds. These larger classes contain Neugebauer's condition (4) as a particular case. The key idea is to replace the average norm associated to the weight v −1 in (2) by an "stronger" norm defined in terms of any appropriate Banach function space whose associated space satisfies an appropriate L p boundedness. The main non-power bump example is given by
where X = L B is the Orlicz space defined by the Young function B and the average is given by
The key point is to assume that the maximal operator corresponding to its associate space X , namely M X is bounded on L p (R n ). In the case that X = L B this is given by the tail condition:
and no better than that. Some interesting examples are given by B(t) ≈ t p (log t) p −1+δ , or B(t) ≈ t p (log t) p −1 (log(log t)) p −1+δ , where δ > 0. Applications of these ideas can be found in [4, 6] . We remit the reader to [5] for more information about classes of weights and for some other related results.
Besides its intrinsic interest, conditions like (5) carry some deep information because they are intimately related to some sharp endpoint estimate for singular integral operators. Indeed, it is shown in [18] that as a consequence of an special choice of B in (7), for a given ε > 0, there is c > 0 depending on ε, the dimension and the smoothness of the kernel of T such that
It was conjectured in that paper that this result would be false in the case ε = 0 where M L(log L) ε is replaced by M, but only recently this result has shown to be false by Reguera and Thiele in [21] (see also the previous work by Reguera in [20] ). The purpose of this paper is to the study the two weight problem for M within the context of Banach function spaces. We believe that some of our results may lead to a better understanding of more difficult operators like singular integrals.
The paper is organized as follows. In Section 2, we introduce some fundamental notation. In Section 3, we prove the main result on the boundedness of the Hardy-Littlewood maximal operator between Banach function spaces. We involve a general variant of the Hardy-Littlewood maximal M F operator introduced in [17] . The operator M F is generated by a rearrangement invariant space on R n . We study the boundednesss of this type of operators between Banach function spaces. This problem is motivated by the two weight problem for M and by (8) , and seems interesting on its own. In Section 3, we also prove estimates of the rearrangement the Hardy-Littlewood type maximal function generated by Lorentz space. This estimate allow us to provide a sufficient condition on r.i. spaces F and X on R n , which ensure that the maximal operator M F is bounded on X. As a consequence we derive that if F is a r.i. space with fundamental function
Further we prove that if ϕ F is a submultiplicative function near zero, then above condition is also necessary for boundedness of M F on L p (R n ). As an application of our results we are able to localize a class of couples of weights (w, v) for which M is bounded from L p (v p ) to L p (w p ). In particular in the case of classical Lorentz space L s,1 with 1 < s < ∞, we recover the result proved in [17] in a different way.
Notation and Preliminaries
In this paper we shall use the standard notation and terminology in the theory of Banach lattices. A Banach function space on a measure space (S , µ) is defined to be a Banach space X which is a subspace of L 0 = L(µ) (the topological linear space of all equivalence classes of the real Lebesgue measurable functions equipped with the topology of convergence in measure) such that there exists u ∈ X with u > 0 a.e. and if | f | ≤ |g| a.e., where g ∈ X and f ∈ L 0 , then f ∈ X and f X ≤ g X .
Let X be a Banach lattice on (S , µ) and w ∈ L 0 (µ) is a weight, i.e., with w > 0 a.e on S . We define the weighted Banach function space X(w) by x X(w) = xw X . X is said to be order continuous if for every x ∈ X and every sequence (x n ) such that 0 ≤ x n ≤ |x| and x n ↓ 0 a.e. it holds x n X → 0. We say that X satisfies the Fatou property whenever for any x n ∈ X and x ∈ L 0 such that x n → x a.e. and sup n x n X < ∞, then we have that x ∈ X and x X ≤ lim inf n x n X .
The Köthe dual space X of X is a collection of all elements y ∈ L 0 such that
The space X equipped with the norm · X is a Banach function space with the Fatou property. It is well known that X = X with equality of norms whenever X satisfies the Fatou property.
Given f ∈ L 0 , its distribution function is defined by µ f (λ) = µ({x ∈ S ; | f (x)| > λ}), and its decreasing rearrangement by f * (t) = f * µ (t) := inf{λ ≥ 0; µ f (λ) ≤ t} for t ≥ 0. A Banach function space (X, · X ) on (S , µ) is called admissible provided χ A ∈ X for every measurable set A of finite measure. In what follows if X is a Banach function space on R n (i.e., on (R n , µ), where µ is the Lebesgue measure), we write ϕ X (|A|) := χ A , where χ A denotes the characteristic function of a measurable set A and |A| := µ(A). ϕ X is said to satisfy ∆ 2 -condition provided there exists a constant C > 0 such that ϕ X (|2Q|) ≤ Cϕ X (|Q|) for all cubes Q with finite Lebesgue measure.
Important classes of admissible Banach functions spaces X are rearrangement invariant (for short r.i.) spaces. Recall that X is called a r.i.
Examples of r.i. Banach spaces are Marcinkiewicz and Lorentz spaces on (S , µ). Let I := [0, µ(S )) and ϕ : I → [0, ∞) be a quasi-concave function, that is ϕ(0) = 0 and ϕ(t) > 0 for all 0 < t ∈ I and both ϕ and t → ϕ * (t) := t/ϕ(t) are non-decreasing functions on I. We note that a quasi-concave function ϕ is equivalent to its least concave majorant ϕ; more exactly, 1/2 ϕ(t) ≤ ϕ(t) ≤ ϕ(t) for all t ∈ I.
The Marcinkiewicz space M(ϕ) is the r.i. space of all f ∈ L 0 (µ) such that
If ϕ : I → [0, ∞) is a non-decreasing concave function, with ϕ(0) = 0, the Lorentz space Λ(ϕ) consists of all f ∈ L 0 such that
where ϕ denotes the derivative of ϕ (which exists almost everywhere). Notice here that the fundamental functions of these spaces are ϕ Λ(ϕ) = ϕ and ϕ M(ϕ) = ϕ * . In the sequel we will need the following well known fact that if X is a r.i. Banach space on R n with the fundamental function ϕ, then ϕ is quasi-concave and the following continuous inclusions hold (see [11, Theorems II.5.5 and II. 5.7] or [3, Theorem II.5.13]):
Main results
Let X be a Banach function space on R n . Throughout the paper X loc denotes the space of all f ∈ L 0 such that f χ Q ∈ X for every cube Q in R n . Following [17] , for every f ∈ X loc , we define the X-average by
Here τ δ with δ > 0 is the dilatation operator defined for all f ∈ L 0 by τ δ f (x) = f (δx), and (Q) is the side-length of the cube Q. We define the maximal operator M X associated to the space X by
where the supremum is taken over all the cubes Q containing x. We observe that in the case of the Orlicz space L ϕ on R n the maximal operator
where
In [1] it was proved that there exists a constant c n > 0 such that
It is easy to see that the maximal operator M p,q := M L p,q associated to the Lorentz L p,q on R n with 1 < p, q < ∞ is given by
This operator was studied in [2, 12, 23] . It was proved in [2] 
We extend the mentioned above rearrangement estimates to more general setting of maximal operators and show applications to study boundedness of the Hardy-Littlewood maximal operator. For formulation of the first result on boundedness of the maximal operator, some additional notation and definitions are required. Given a Banach function space X and 1 < p < ∞, we define the p-concavification X p to be a quasi-Banach lattice of all x ∈ L 0 (µ) such that |x| 1/p ∈ X equipped with the quasi-norm x X p = |x| 1/p p X . X is said to be p-convex if there exists a constant C > 0 such that for any x 1 , ..., x n ∈ X, we have
The least C is denoted by M (p) (X). Note that if X is p-convex, then for x ∈ X p and x 1 , ..., x n ∈ X p with |x| ≤ n k=1 |x k |, we have
This shows that the lattice norm · * defined on X p by
In particular this implies a well known fact if a Banach function space X on (S , µ) is p-convex (1 < p < ∞), then there exists a Banach function space Y on (S , µ) such that x ∈ X if and only if |x| p ∈ Y and
This fact will be used below in the proof without any references.
A Banach lattice X is said to satisfy a lower p-estimate, 1 < p < ∞, if there exists a constant C such that
for every finite set of pairwise disjoint elements {x 1 , ..., x n } in X (see [14, 1.f.4] ). The least C is denoted by (p) (X).
The following theorem is an extension of the main result Theorem 1.2 from [17] .
Theorem 3.1. Let E, X and Y be Banach function spaces over R n where E, X are admissible and let (w, v) be a couple of weights on R n . If the maximal operator M E associated to E is bounded on X, X satisfies a lower p-estimate, Y is p-convex for some 1 < p < ∞, ϕ X satisfies ∆ 2 -condition, and
then the Hardy-Littlewood maximal operator M is bounded from X(v) into Y(w).
Proof. Our hypothesis that X(w) satisfies a lower p-estimate implies that X(w) is order continuous and so a separable space. Thus the set of bounded functions with compact support is dense in X(w). Fix f ∈ X(w) b , and a > 2 n . For each integer k, we set
Applying the classical Calderón-Zygmund decomposition [7, p . 137], we conclude that there is a family of maximal non-overlapping dyadic cubes {Q k, j } such that Ω k ⊂ j 3Q k, j , D k = j Q k, j , and
Without loss of the generality we may assume that the M (p) (Y) = 1 and so there exists a Banach function space Y on R n such that y ∈ Y if and only if |x| p ∈ Y and x Y = |x| p 1/p Y . Combining the above yields that for some universal constants C j ( j = 1, ..., 4), we have
For each integer k, j we put E k, j = Q k, j \Q k, j ∩D k+1 and by [17, Lemma 4.2] there exists a constant β > 0 such that |Q k, j | < β|E k, j | for each k, j. The ∆ 2 -condition for ϕ X gives that there exists a constant C β > 0 such that for all k, j
For all cubes Q, g ∈ E loc and h ∈ E loc , we have
Thus combining shown above inequalities and our hypotheses on M E and X imply that the following estimates hold with some universal constants
We conclude by discussing some applications. We will need some rearrangement inequalities for some nonstandard maximal operators investigated in the paper [13] . We recall some notation introduced in this paper. If F is a non-negative set function defined on the collection B of all sets of positive finite Lebesgue measure, then its maximal function is given by
where the supremum is taken over all cubes Q ∈ Q containing x, where Q denotes the set of all cubes Q such that 0 < |Q| < ∞.
A set function F is said to be pseudo-increasing with a constant c if there exists a constant c > 0 such that for any finite collection of pairwise disjoint cubes {Q i }, we have
If c = 1, then F is said to be increasing.
An interesting result in [13] states that if F is a pseudo-increasing set function with constant c, then for any (MF)
where the supremum is taken over all sets A of finite Lebesgue measure |A| > t/3 n .
Throughout the rest of the paper a r.i. space on R n is said to be generated by a r.i. space X on (0, ∞) provided f ∈ X if and only if f * ∈ X and f X = f * X . It is well known that any r.i. space X on R n with the Fatou property is generated by some r.i. space on [0, ∞) (see [3] ).
It well known facts that that D s is bounded on every r.i. space on (0, ∞) (see [3, 11, 14] A consequence of the mentioned Lerner result is the following corollary on the rearrangement inequality of the maximal operator M X . Proposition 3.2. Let X be a r.i. space on R n generated by r.i. space X on (0, ∞). Assume the set function B A → τ |A| 1/n ( f χ A ) X generated by a fixed f ∈ X loc is pseudo-increasing with a constant c. Then, for every t > 0, we have
It follows by the Lerner result that for any t > 0, we have (MF)
Combining the above inequalities, we obtain
The obvious equality M X f = MF completes the proof.
We will present new examples of pseudo-increasing set functions and show applications to the Hardy-Littlewood maximal type operators. We recall the definition of the generalized Orlicz space. Let E be a Banach lattice on (S , µ) and let ϕ : [0, ∞) → [0, ∞) be an Orlicz function, i.e., ϕ is convex with ϕ(t) = 0 if and only if t = 0. The generalized Orlicz space
is a Banach function space under the norm
If X = Λ(ψ) is the Lorentz space, then Λ(ψ) ϕ is called the Orlicz-Lorentz space and is denoted by Λ ϕ,ψ . In particular (L 1 ) ϕ is the classical Orlicz space equipped with the Luxemburg norm and is denoted by L ϕ .
Lemma 3.3. Let X ϕ be a generalized Orlicz space on R n and ρ : (0, ∞) → (0, ∞) a function. Assume that for every f ∈ X loc the set function B A → τ ρ(|A|) ( f χ A ) X is pseudo-increasing with a constant c. Then set function
is also pseudo-increasing with a constant c 1 = min{1, c}.
Proof. For f ∈ (X ϕ ) loc with f 0, we define define the set function F : B → [0, ∞) by
Let {Q i } be a finite collection of pairwise disjoint cubes. Without loss of generality we may assume that 0 < min i F(Q i ). Fix 0 < ε < min i F(Q i ) and set λ = min i F(Q i ) − ε. Using the convexity of ϕ and our hypothesis yields
This implies that
and so by letting ε → 0, we obtain the required inequality.
Lemma 3.4. Let E := Λ ϕ,ψ be the Orlicz-Lorentz space on R n generated by Orlicz function ϕ and concave function function ψ with ψ(0+) = 0. Then, for every t > 0, the maximal operator M E associated to E satisfies the rearrangement inequality
where E is the Orlicz-Lorentz space Λ ϕ,ψ on (0, ∞). In particular, for any f ∈ Λ(ψ) loc and t > 0, we have
Proof. Note that the following formula holds (see [11, formula (5.4 
Given f ∈ Λ(ψ) loc , we define the set function F : B → [0, ∞) by
Formula (9) implies
We claim that the set function F is increasing. In fact, for any pairwise disjoint sets A and B with finite Lebesgue measures, we have (by concavity of ψ)
|A ∪ B| ds
This concludes the proof by Proposition 3.3 and Proposition 3.2.
We will need the following lemma (see [11, p. 136] ).
Lemma 3.5. If E is a r.i. space on (0, ∞), ψ a nondecreasing continuous function on (a, b), 0 ≤ a < b ≤ ∞, then, for all x ∈ E, we have
Now we are ready to present the sufficient conditions for boundedness of the maximal operator M E on r.i. spaces. Theorem 3.6. Assume that r.i. spaces F and X on R n are such that ϕ F (0+) = 0, X is generated by a r.i. space X and
Then the following statements hold true for the maximal operator M F associated to F:
(ii) If X is separable, then the maximal operator M F is bounded on X.
Proof. (i). Since ϕ F is equivalent to its concave minorant, we may assume without loss of the generality that ϕ F is a concave function. Then the inclusion map Λ(ϕ F ) → F has norm 1 and so for all
From Lemma 3.4 it follows that, for any t > 0, we have
Combining this inequality with Lemma 3.5, we then deduce that for C := D 3 n X→ X we obtain
(ii). Note that M F is a positive sublinear operator and so, for all f, g ∈ F loc , we have
Since X is separable, it follows that ϕ X (0+) = 0 and L 1 ∩ L ∞ is a dense set in X. Thus the above estimate allows us to extend the inequality obtained in (i) for all f ∈ X by density.
If 1 < p < ∞ and X = L p (R n ), then X is separable and X = L p , D s X →X = s 1/p for all s > 0. Thus applying Theorem 3.6 we obtain. Corollary 3.7. If 1 < p < ∞ and F is a r.i. space on R n such that
then the maximal operator M F associated to F is bounded on L p (R n ).
We show that for a large class of r.i. spaces F the shown above condition in Lemma 3.7 is also necessary for the boundedness of the maximal operator M F on L p (R n ) with 1 < p < ∞. To do this it is convenient to use an index γ F defined for any r.i. space F on R n by
Corollary 3.8. If F is an r.i. space on R n with γ F < ∞, then the maximal operator M F associated to F is bounded on L p (R n ) for every γ F < p < ∞.
Proof. Let q be a positive number with γ F < q < p < ∞. Then it follows from the definition of γ F that there exists C > 0 and 0 < δ < 1 such that
and whence
Thus Corollary 3.7 applies.
Theorem 3.9. Let F is an r.i. space on R n with γ F < ∞. If 1 < p < ∞ and ϕ F is sub-multiplicative near zero (i.e., there exist c > 0 and s 0 > 0 such that ϕ F (st) ≤ cϕ F (s)ϕ F (t) for all 0 < s ≤ s 0 and t > 0), then the following conditions are equivalent:
(ii) There exists c > 0 such that
1 0 Since ϕ(s) = ϕ(s) for all 0 < s < s 0 , our hypothesis γ F < ∞ implies α = 1/γ F > 0. Thus there exists δ > 0 such that s 1/γ F ≤ ϕ(s), 0 < s < δ, and whence we clearly have γ F < p provided the condition (ii) holds. The implications (iii) ⇒(iv) and (iv) ⇒ (i) follow by Corollary 3.8 and Corollary 3.7, respectively.
Analysis of proofs of Corollary 3.8 and Theorem 3.9 gives the following result which seems interesting on its own. To state the next result we need the Köthe duality formulas for Lorentz and Marcinkiewicz spaces (cf. [3, 11] . For the sake of completeness we show these formulas below: If (S , µ) is an atomless measure space, then for any concave function ψ : [0, µ(S )) → [0, ∞) with ψ(0) = 0 the following duality formulas with equality of norms hold true Λ(ψ) = M(ψ) and M(ψ) = Λ(ψ).
An immediate consequence of the above Corollary 3.7, Theorem 3.6 and the duality formula M(ϕ * ) = Λ( ϕ * ) is the following theorem. Then the maximal Hardy-Littlewood operator M is bounded from L p (v p ) to L p (w p ).
We conclude with the following remark that it follows from Theorem 3.11 that in the class of r.i. spaces X on R n with the same fundamental function ϕ satisfying the condition is generated, when X is the largest r.i. space with the fundamental function ϕ, i.e., when X is the Marcinkiewicz space M(ϕ * ).
